Lattice QCD predicts that the potential energy between static quarks is independent of time.
I. INTRODUCTION
Confinement is an unsolved problem in particle physics. The fundamental issue here is to know the exact form of the color potential produced by the color charge of the quark. Once we know the exact form of the color potential produced by the color charge of the quark then we can explain why the quarks are confined inside the hadron, i. e., why we have not directly observed free quarks at the experiments.
After the Yang-Mills theory [1] was discovered in 1954 there has been much progress in quantum chromodynamcs (QCD). In the renormalized QCD [2] the asymptotic freedom occurs [3, 4] where the renormalized coupling decreases at short distances and increases at long distances. Hence in the renormalized QCD the partonic scattering cross section at short distances can be calculated by using perturbative quantum chromodynamics (pQCD).
However, the formation of hadron from partons is a long distance phenomenon in QCD where the renormalized pQCD is not applicable. The formation of hadron from partons can be studied by using renormalized non-perturbative QCD. Note that the analytical solution of the renormalized non-pertubtaive QCD is not found yet. Because of this reason we depend on the numerical prediction from the lattice QCD. The numerical results from lattice QCD predicts that the color singlet potential energy between static quarks, which is the measure of the Wilson loop [5] , depends on the separation between quarks but is independent of time [6] . However, as we will show in this paper, we find that the gauge invariant color singlet potential energy between static quarks in the classical Yang-Mills theory depends on time even if the quarks are at rest. Note that as mentioned in section III of [7] the potential energy in QCD at long distance is the same potential energy that is obtained in the classical Yang-Mills theory because the Yang-Mills theory was discovered by making analogy with the Maxwell theory by extending the U(1) gauge group to the SU(3) gauge group [1, 8, 9] .
Another limitation of lattice QCD is that it can not predict the form of the color potential ν (x) produced by the quark has not been found yet although many attempts have been made in the past, see for example [10] [11] [12] [13] . The electrical (Coulomb) potential produced by the electric charge explains the atomic bound state such as hydrogen atom in the Bohr's atomic model or in the Schrodinger equation.
Similarly the color potential A c ν (x) produced by the color charge of the quark can be used to study bound state hadron formation from quarks and/or antiquarks. Hence it is necessary to find the exact form of the color potential A c ν (x) produced by the quark. Note that the fundamental scalar electric charge e of the electron is constant in classical electrodynamics but the fundamental color charge q(t) of the quark is a time dependent eight dimensional vector in the color space in the adjoint representation of SU (3) in the classical Yang-Mills theory [9] . The general form of the fundamental time dependent color charge vector q(t) of the quark in the classical Yang-Mills theory is given in [9] . At this stage it is necessary to point out that in the Yang-Mills theory the quark field ψ j (x) has three color indices j = 1, 2, 3=RED, BLUE, GREEN which implies that RED, BLUE, GREEN symbols are not color charges of the quark but q(t) is the fundamental time dependent color charge of the quark [9] .
The color potential A c ν (x) produced by the color charge q(t) of the quark in motion is given by [8] 
where the indefinite integral is dτ ′ and u ν (τ ) =
is the four-velocity of the quark and
It is important to remember that for the constant color charge q the eq. (1) 
II. POTENTIAL ENERGY BETWEEN STATIC CHARGES FROM ELECTRIC FIELD ENERGY
Recall that the form of the potential energy between static electrons in the classical electrodynamics can be derived from the electric field energy produced by the static electrons.
Similarly we find in this paper that the potential energy between static quarks in the classical Yang-Mills theory can be obtained from the chromo-electric field energy produced by the static quarks.
For this reason we will first briefly review the derivation of the potential energy between static electrons in the classical electrodynamics from the electric field energy produced by the static electrons in this section before discussing the corresponding situation in the YangMills theory in the remaining of the paper. Although the derivation of the potential energy between static electrons in the classical electrodynamics from the electric field energy produced by the static electrons is well known in the literature but we will briefly review its derivation in this section because we will use the similar technique to study the potential energy between static quarks from the chromo-electric field energy produced by the static quarks in the Yang-Mills theory in this paper.
In Maxwell theory the Coulomb electric field produced by a static electron of charge e is given by er r 2 . For a system of static electrons the total electric field energy is given by
which is independent of time where E(r) is the electric field produced by the static electrons.
In order to derive the potential energy between two static electrons from the electric field energy from eq. (3), let us consider one electron at the origin and another electron at a distance R along the z-axis. The electric field at any position r is given by
By using eq. (4) in (3) we find that the total electric field energy is given by
where
are the infinite self energies of the electrons and
is the finite potential energy between two static electrons separated by distance R.
For static electrons we have E(r) = − ∇A 0 (r) which means the eq. (3) can be written as
where ρ(r) = j 0 (r) is the charge density, S is the surface enclosing the volume andn is the unit normal to the surface. Since the boundary surface term at infinity vanishes, i. e.,
we find from eq. (8)
Using the charge density for a point electron at rest
and neglecting the self energies we reproduce eq. (7) from eq. (10).
Hence from eq. (7) we find that the potential energy between static electrons can be obtained from the electric field energy 
produced by the static quarks in the Yang-Mills theory which we will discuss in this paper.
III. TIME DEPENDENT CHROMO-ELECTRIC FIELD PRODUCED BY STATIC QUARK
From eq. (1) we find that the color potential produced by the color charge q(t) of the quark at rest in the Yang-Mills theory is given by
which depends on time t even if the quark is at rest where C ab (t) is given by eq. (2) and
We have used the natural unit in this paper.
In the Yang-Mills theory the chromo-electric field E c (t, r) and the chromo-magnetic field B c (t, r) are given by
From eqs. (14), (15), (13) and (12) we find that the chromo-electric field E c (t, r) produced by the color charge q(t) of the quark at rest is given by
which depends on time t even if the quark is at rest.
Simplifying the infinite number of non-communing terms we find in the adjoint representation of SU (3) [8]
we find
Using
we find from eqs. (20), (17) and (19) that
Eq. (21) can also be obtained if we use
instead of using eq. (20) as it should be the case.
Hence from eq. (21) we find
From eqs. (16) and (23) we find that the chromo-electric field E c (t, r) produced by the color charge q(t) of the quark at rest in the Yang-Mills theory is given by
which depends on time t even if the quark is at rest where C ab (t) is given by eq. (2).
Note that when the color charge q is constant we find from eq. (24)
which is the Coulomb-like field similar to Maxwell theory. This means when all the color charges q a are constants then the theory is an abelian-like theory [like U (1) 
IV. TIME DEPENDENT POTENTIAL ENERGY BETWEEN STATIC QUARKS IN CLASSICAL YANG-MILLS THEORY
From eq. (10) we find that the potential energy between static electrons in classical electrodynamics is given by
However, the potential energy between static quarks in the classical Yang-Mills theory is not given by where the Yang-Mills color charge density ρ 0 (t, r) of the quarks is given by
The Yang-Mills field tensor F c λδ (x) in eq. (27) is given by eq. (15). First of all note that, as mentioned earlier, there can be two types of fundamental charges in the nature: 1) constant electric charge e of the electron [U(1) gauge theory] and 2) time dependent color charge q(t) of the quark [SU(3) gauge theory]. As mentioned earlier the color charge q a (t) of the quark can not be constant because for constant color charge q we find from eq. (25)
which has the Coulomb form similar to abelian-like theory [like U (1) gauge theory]. It should be mentioned here that, similar to abelian electric charge density ρ(r) = eδ (3) ( r − r i ) of static electron in eq. (11) in Maxwell theory, an abelian-like color charge density
which has been used in the literature for static quark, see for example [14] , is not correct of g, see [8, 9] for details where we have shown that for static quark in Yang-Mills theory
For quarks at rest we find from eqs. (12), (24), (13), (14) and (15) that the chromo-electric field produced by the static quarks is given by
which is time dependent even if the quarks are at rest and
where A c 0 (t, r) is the zero component of the color potential A c ν (t, r) produced by the quarks. Hence for static quarks the (color) field energy is the chromo-electric field energy given by
which depends on time t even if the quarks are at rest, i. e. for static quarks we have
because the chromo-electric field produced by the static quark depends on time, see eq. (24).
Using eq. (31) in (33) we find
where we have used the divergence theorem. From eqs. (27), (31), (32) and (13) we have for static quarks
which when used in eq. (35) gives
which is similar to eq. (8) in Maxwell theory.
However, unlike the vanishing boundary surface term in Maxwell theory in eq. (9), the boundary surface term which from the electric field energy , see eq. (7). Note that confinement happens in QCD at long distance. As mentioned in section III of [7] , the potential energy at infinite distance in QCD and the potential energy at infinite distance in the classical Yang-Mills theory are same because the Yang-Mills theory was discovered by making analogy with the Maxwell theory by extending the U(1) gauge group to the SU(3) gauge group [1, 8, 9] . Hence due to the confinement in QCD we find from the gauge invariant chromo-electric field energy 
when the boundary surface is at the infinite distance. The boundary surface term in eq.
(38) is also non-zero when the boundary surface is at finite distance.
] is non-zero and is not gauge invariant we find from eqs. (38) and (37) that d (37) . This implies that the gauge invariant potential energy between static quarks is obtained from the gauge invariant chromo-electric field en-
produced by the static quarks.
Note from eqs. (26), (8), (9), (10) and (3) that the potential energy V between static electrons in Maxwell theory is given by
Similarly from eqs. (37) and (38) we find that the color singlet gauge invariant potential energy V (t) between static quarks in the classical Yang-Mills theory is given by
which depends on time t even if the quarks are at rest, see eq. (24).
Hence we find that the color singlet gauge invariant potential energy V (t) between static quarks in the classical Yang-Mills theory is given by eq. (40) which depends on time t even if the quarks are at rest.
V. TIME DEPENDENT POTENTIAL ENERGY BETWEEN STATIC QUARKS DOES NOT VIOLATE CONSERVATION OF ENERGY IN YANG-MILLS THEORY
In the previous section we saw that the color singlet gauge invariant potential energy V (t) between static quarks in the Yang-Mills theory depends on time even if the quarks are at rest. This, however, does not violate the conservation of energy in the Yang-Mills theory which can be seen as follows.
For static quarks the chromo-magnetic field B c (t, r) is zero, see eq. (32). From the

Yang-Mills equation we have
where ψ k (x) is the Dirac field of the quark with k = 1, 2, 3 being the color index (in this paper the suppression of color index k in the quark field ψ k (x) is understood).
A. Energy Conservation in Source (Quark) Free Volume
For λ = k we find from eqs. (13) and (41) that the chromo-electric field E c (t, r) produced by static quarks in the source (quark) free region satisfies the equation
which implies that the gauge invariant chromo-electric field energy produced by the static quarks in the source (quark) free volume V is independent of time, i. e., For λ = k we find from eqs. (13) and (41) that the chromo-electric field E a (t, r) produced by static quarks in the region containing sources (static quarks) satisfies the equation
which gives
which is the energy conservation equation for static quarks in the Yang-Mills theory.
Note that, unlike static electrons in classical electrodynamics where j(x) = 0, the static quarks in classical Yang-Mills theory gives the non-zero vector component of the Yang-Mills color current j c (x) which can be seen from eqs. (12), (31) and (44) which gives [9] j c (x) = gψ(t, r)T c γψ(t, r) = 0, for static quarks.
From eq. (46) we find that the right hand side of eq. (45) is non-zero for static quarks which means even if the rate of work done on static electrons in Maxwell theory is zero but the rate of work done on static quarks in the Yang-Mills theory is non-zero.
Eq. (45) is the Poynting's theorem for static quarks in the Yang-Mills theory which can also be derived from the gauge invariant Noether's theorem in Yang-Mills theory, see eq.
(49).
Hence from eqs. (33), (40) and (45) we find that the gauge invariant color singlet time dependent potential energy between static quarks does not violate the conservation of energy in the Yang-Mills theory.
VI.
CONSISTENCY WITH THE ENERGY CONSERVATION EQUATION FROM THE GAUGE INVARIANT NOETHER'S THEOREM IN YANG-MILLS THEORY
The gauge invariant Noether's theorem in Dirac-Maxwell theory is described in [15] and the gauge invariant Noether's theorem in Yang-Mills theory is described in [16] . From the Dirac equation of ψ(x) andψ(x) of the quark in the presence of Yang-Mills potential A c ν (x) [16] and by using the properties of the Dirac matrices we find
where F c δλ (x) is given by eq. (15). Using eq. (47) in the gauge invariant Noether's theorem in Yang-Mills theory [16] we find
For λ = 0 we find from eq. (48)
which is the energy conservation equation in the Yang-Mills theory.
Eq. (49) is the Poynting theorem in the Yang-Mills theory.
For static quarks the chromo-magnetic field is zero, see eq. (32). Hence for static quarks in the Yang-Mills theory we find from eq. (49) the energy conservation equation
which reproduces eq. (45) which was directly obtained by using the Yang-Mills equation.
As shown in eq. (46) the right hand side of eq. (50) is non-zero for static quarks which means even if the rate of work done on static electrons in Maxwell theory is zero but the rate of work done on static quarks in the Yang-Mills theory is non-zero.
Hence from eqs. (33), (40), (45) and (50) we find that the gauge invariant color singlet time dependent potential energy between static quarks does not violate the conservation of energy in the Yang-Mills theory.
VII. TIME DEPENDENT GAUGE TRANSFORMATION OF THE TIME DE-PENDENT FUNDAMENTAL COLOR CHARGE OF THE QUARK
Under gauge transformations, the time dependent fundamental color charge q a (t) of the quark transforms homogeneously under the adjoint representation of the gauge group [9] 
in SU (3) local gauge theory (the Yang-Mills theory in SU (3)) where f abc are the structure constants in SU (3) and β a (t) are the gauge transformation parameters. Similarly in SU (2) local gauge theory (in SU (2) Yang-Mills theory) one finds that the gauge transformed time dependent color charge q i (t) of a fermion is given by
where ǫ ijk are Levi-Civita symbol with i, jk, k = 1, 2, 3.
Note that the three generators G i jk of the SO(3) group are given by G i jk = ǫ ijk . Hence, as mentioned in [9] , the time dependent gauge transformation matrix S(t) in the SU(2) YangMills theory in eq. (52) is a time dependent rotation matrix S(t) in SO(3). In terms of three time dependent Euler angles β
t) the time dependent gauge transformation matrix S(t) in eq. (52) in SU(2) Yang-Mills theory can be written as
For the discussion of the time dependent gauge transformation in the adjoint representation of SU (3) and the general rotation in SO (8) , see sections 9 and 15 of [9] .
Note that the time dependent gauge transformation parameters β a (t) in the classical non-abelian Yang-Mills theory in eq. (51) 
where j a µ (x) satisfies the equation
Hence any gauge transformation parameter ω a (x) = β a (t) in the classical Yang-Mills theory has to satisfy the eqs. (54) and (55).
VIII. CONSTANT COLOR CHARGE q PRODUCES COULOMB POTENTIAL
If all the color charges q a are constants then the classical non-abelian Yang-Mills color current density j a µ (x) satisfies the continuity equation [8, 9 ]
which is similar to abelian-like theory (like U(1) gauge theory).
Similarly if all the color charges q a are constants then the classical non-abelian Yang-Mills
which is the abelian-like potential (like U(1) potential). From eq. (57) one finds that if all the color charges q a are constants then the potential energy V (r) between two static color sources separated by a distance r becomes
which is the Coulomb potential energy in abelian-like theory (like U(1) gauge theory).
IX. TIME DEPENDENT FUNDAMENTAL COLOR CHARGE OF QUARK IS NOT GAUGE TRANSFORMATION OF CONSTANT COLOR CHARGE
If one assumes that there is a gauge choice where the color charge q a are all constants in the classical Yang-Mills theory then one may claim that the time dependent color charge q a (t) is the gauge transformation of the constant color charge q a . This, however, is not true in the classical Yang-Mills theory which we will show in this section.
Let us assume that there is a gauge choice where the color charge q a are all constants in the classical Yang-Mills theory. Now making a time dependent rotation in the adjoint representation of SU(N) we find the time dependent color charge q ′a (t)
in SU (3) and
in SU (2) . In terms of three time dependent Euler-angles θ
we find that the rotation matrix R(t) in eq. (60) is given by
If one takes the constant color-charge vector q in SU(2) to be
then one finds from eqs. (60) and (61) that
which has the similar form of the time dependent color charge q i (t) of a fermion in SU (2) Yang-Mills theory as given by eq. (5) of [9] 
where the ranges of the time dependent angles θ 2 (t) and θ 1 (t) are given by
If one makes the angles time independent in eq. (64) then the constant color charge q
which under a time independent rotation gives
which is not the same as the time dependent gauge transformation in the classical SU (2) Yang-Mills theory as the constant color charges q a in eq. (62) (9) of [9] ) and the form of eq. (7) in [9] suggests that also the time dependence of the color charge q a (t) for the SU (3) case is simply a time dependent rotation in the adjoint representation of SU (3) of the time-independent color charge q a . Indeed, lets start from T a q a (t), with T a the SU (3) generators in the fundamental representation (eq. (205) in [9] ). The T a q a (t) is a Hermitian matrix which can be diagonalized by a unitary transformation e iT a θ a (t) , which is equivalent to a rotation of the q a (t) in the adjoint representation of SU (3):
The 
which satisfies the equation
where A ′a µ (x) is the gauge transformed classical Yang-Mills potential in SU (3) . Hence the gauge transformation parameter ω a (x) = β a (t) in eq. (69) has to be such that the eq. (71) is satisfied in the classical SU(3) Yang-Mills theory.
Now if we assume that there is a gauge parameter choice θ a (t) as given by the rotation matrix in eq. (59) in which all the color charges q a are constants then it does not satisfy eq.
(71) which can be shown as follows. Suppose we make a rotation with the parameter θ a (t)
as given by eq. (59) on the time dependent color charge q a (t) to obtain the constant color charge q ′a as follows
The color current density j 
Using eq. (72) in (73) we find
which does not satisfy eq. (71) in the SU(3) Yang-Mills theory.
Hence we find that there is no gauge choice θ a (t) in the SU (3) This implies that the form of the time dependent color charge q(t) in classical SU (2) Yang-Mills theory in eq. (5) of [9] is not a time dependent gauge transformation of constant color charge q but the form of q(t) in eq. (5) of [9] is the general form of a time dependent vector in the spherical polar coordinates in three dimensions [or in the adjoint representation of SU (2)]. Similarly, the form of the time dependent color charge q(t) of the quark in classical SU(3) Yang-Mills theory in eq. (7) of [9] is not a time dependent gauge transformation of constant color charge q but the form of the color charge q(t) of the quark in eq. (5) of [9] is the form of a time dependent vector in the adjoint representation of SU (3) .
Note that one may be tempted to choose the normalization g 2 C 2 with C 2 = N 2 −1 2N
for classical SU(N) Yang-Mills theory instead of g 2 as was done in [9] . However, the normalization q a (t)q a (t) = g 2 C 2 is not correct in the classical Yang-Mills theory because when the color charge q a is constant then the normalization g 2 C 2 will not reproduce eq. (58) for abelian theory (Maxwell theory). Since the q a (t)q a (t) = g 2 in [9] in the classical Yang-Mills theory is taken by making the analogy with the classical Maxwell theory [1, 8, 9 ] the normalization q a (t)q a (t) = g 2 is correct in the classical Yang-Mills theory.
X. GAUGE INVARIANT COLOR SINGLET TIME DEPENDENT POTENTIAL ENERGY BETWEEN STATIC QUARKS IS NOT A GAUGE ARTIFACT
As shown in sections VII and IX by keeping the Casimir invariants q a (t)q a (t) and
[d abc q a (t)q b (t)q c (t)] 2 time-independent, one does not find that the time dependence of the color charge q a (t) is simply a gauge transformation of the time independent color charge q a . This is because if there exists any such gauge transformation then the SU(3) Yang-Mills theory will reduce to U(1) gauge theory which is not correct because one can not reduce the SU(3) Yang-Mills theory to SU(2) Yang-Mills theory or to U(1) gauge theory by making gauge transformations. Hence starting from time dependent color charge q a (t), which can be rotated by a time dependent gauge-transformation to time dependent color charge q ′a (t), one finds that the gauge invariant square of the chromo-electric field in eq. (40) is time dependent.
Note that as mentioned in section VIII when all the color charges q a are constants then the potential becomes Coulomb potential as given by eq. (58) which is time independent.
This implies that if there is a gauge choice where all the color charges q a are constants in the SU(3) classical Yang-Mills theory then one can make such a gauge transformation to find that the gauge invariant potential energy between two static quarks separated by a distance in the SU(3) classical Yang-Mills theory is given by eq. (58) which can not be correct because the eq. (58) having the Coulomb form is for abelian-like theory. We know that the potential energy in QCD at long distance is not of the Coulomb form due to confinement at long distance. Since the potential energy in QCD at long distance and the potential energy in the classical Yang-Mills theory are same, see section III of [17] , one finds that the potential energy in the classical SU(3) Yang-Mills theory is not of the Coulomb form. This means there is no gauge choice where all the color charges q a are constants in the SU(3) classical Yang-Mills theory. Hence we find that the gauge invariant color singlet time dependent potential energy between static quarks in the classical Yang-Mills theory in eq. (40) is not a gauge artifact.
XI. CONCLUSIONS
Lattice QCD predicts that the potential energy between static quarks depends on the separation between quarks but is independent of time [6] . However, in this paper we have shown that the gauge invariant color singlet potential energy between static quarks in the classical Yang-Mills theory depends on time even if the quarks are at rest. This is a consequence of the time dependent fundamental color charge q a (t) of the quark in the classical Yang-Mills theory. We have found that the gauge invariant color singlet time dependent
